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The cosmological equations of motion of scalar fields are commonly not easy to be analytically
solved, which makes necessary to use approximation methods, as the slow-roll regime. In such an
approximation one considers the scalar field potentials to be nearly flat. On the other hand, the so
called fast-roll regime considers exactly flat potentials. Our purpose in this work is to obtain solutions
for a two scalar field quintessence model in the fast-roll regime. Cosmological interpretations for
such solutions are also presented.
PACS numbers: 98.80.Cq; 04.20.Jb
I. INTRODUCTION
Scalar field models have been broadly used to describe
the phases for which the universe expansion accelerates,
i.e., cosmic inflation and dark energy eras. Such acceler-
ated regimes might be explained from the dynamics of a
scalar field φ, which normally is considered a function of
time only. Nevertheless it is not easy to analytically solve
the cosmological equations of motion for such a scalar
field, and sometimes it is necessary to use approximation
methods as the slow-roll regime [1–3]. The slow-roll ap-
proximation requires φ¨ and φ˙2 to be small, so that the
dynamics of φ can be given by
3Hφ˙ ∼ −Vφ, (1)
with H being the Hubble parameter, Vφ ≡ dV (φ)/dφ
with V (φ) being a nearly flat scalar field potential and
dots stand for derivatives with respect to time.
The slow-roll approximation has also been applied to
two scalar field quintessence models (see for instance [4–
6]). In [7] a primary approach for two scalar field models
has been applied to explain how to obtain a small but
non-vanishing cosmological constant. Note that a cos-
mological constant can also be the responsible for a late
time accelerated universe [8–10], although such an ap-
proach raises some shortcomings, as explored in [11] and
references therein. However it can not account for the
early acceleration, since it does not predict the retrieval
of a non-accelerated regime after inflation. Anyway, two
scalar field scenarios have been commonly invoked since
they exhibit some desirable features, as explored in [12]
for the so-called hybrid inflationary models and [13, 14]
for reheating models.
Furthermore, recently in [15], it was applied the exten-
sion procedure presented in [16] to solve the two scalar
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field equations of motion, obtaining a cosmological sce-
nario which describes radiation, matter and dark energy
dominated eras. However, since such an approach was
based on analytically solvable models, there was no need
of considering the slow-roll approximation.
One could wonder what would be expected when con-
sidering exactly flat potentials instead of nearly flat po-
tentials as those used in the slow-roll approximation. An
exactly flat potential naturally yields Vφ = 0 so that one
has
φ¨+ 3Hφ˙ ∼ 0 (2)
as the Klein-Gordon equation for the inflaton. Although
there is a discreet difference between nearly flat and ex-
actly flat potentials, there are several remarkable differ-
ences from one model to another [18].
The exactly flat potentials approach, first studied in
[19], has been primarily called ultra-slow-roll inflation
[20], but since the slow-roll approximation breaks down
for Vφ = 0, now it is dubbed fast-roll inflation [18].
Our proposal in this work is to investigate cosmological
solutions for a two scalar field quintessence model in the
fast-roll regime. We follow the investigation introduced
in [21], in which it was shown how to determine first-
order differential equations from the second-order ones,
related to the dynamics of the field. It is worth noting
that in [21] such a methodology was also extended for
two scalar field models.
The paper is organized as follows: in Section II we in-
troduce the fast-roll inflation mechanism and present a
method for solving its equation of motion. In Section III
we present some generalities about the extension method
mentioned above, which is fundamental in the construc-
tion of the two-field model. The extension procedure is
applied for a fast-roll regime and the solutions for the cos-
mological parameters are obtained. In Section IV such
solutions are cosmologically interpreted and we discuss
our results in Section V.
2II. FAST-ROLL INFLATION
Let us consider a minimally coupled scalar field defined
by the action
S =
∫
d4 x
√−g
[
−R
2
+ L(φ , ∂µ φ)
]
, (3)
for which we are assuming units such that 4πG = c = 1
and the Lagrangian density is given simply by
L = φ˙
2
2
− V (φ) . (4)
Eq.(4) yields the equation of motion
φ¨+ 3H φ˙+ Vφ = 0 . (5)
Moreover, when working with Friedmann-Robertson-
Walker metric, the Friedmann equations (FEs) are
H2 =
1
3
[
φ˙ 2
2
+ V (φ)
]
, (6)
2 H˙ = −φ˙ 2 , (7)
for which we have considered k = 0, i.e., a flat space-
time, in accord to recent cosmic microwave background
anisotropy observations [10], H = a˙/a and a(t) is the
scale factor.
Now recall that in fast-roll regime, Vφ is negligible,
so Eq.(5) reduces to Eq.(2). In fact, in [20], fast-roll
inflation was generalized by assuming
φ¨+ (3 + α)Hφ˙ = 0 , (8)
so that nonzero α implies deviation from fast-roll infla-
tion, i.e., the exactly flat potential corresponds to α = 0,
while the standard slow-roll approximation, to α ∼ −3.
Furthermore, by minimizing the Einstein-Hilbert ac-
tion, we obtain the energy-momentum tensor
Tµν = 2
∂ L
∂ gµν
− gµν L , (9)
with Tµν = (ρ,−p,−p,−p), where ρ and p are the density
and pressure of the Universe, respectively. This scalar
field description establishes that
ρ =
φ˙2
2
+ V ; p =
φ˙2
2
− V . (10)
The slow-roll parameters are
ǫ1 = − H˙
H2
; ǫn =
ǫ˙n
H ǫn
, (11)
and in the slow-roll regime we have |ǫn| << 1, therefore
they are negligible for high values of time.
It is possible to determine an analytical solution for
Eq.(8), as it was pointed recently in [18]. Therefore, by
defining
H ≡ W (φ)
2
; H˙ =
Wφ
2
φ˙ , (12)
the Eqs.(7) and (11) can be rewritten as
φ˙ = −Wφ ; Wφ φ = (3 + α)W . (13)
So, we obtain our function W (φ) to be
W (φ) = A cosh
(√
3 + αφ
)
, (14)
where A is an arbitrary constant. Moreover, from the
first-order differential equation for the scalar field we di-
rectly obtain
φ(t) =
1√
3 + α
log
[
coth
(
3 + α
2
At
)]
. (15)
Consequently, our analytical cosmological parameters are
given by
H =
A
2
[
coth
(
3 + α
2
At
)
+ tanh
(
3 + α
2
At
)]
;
(16)
a = {sinh [(3 + α)At]} 13+α ; (17)
ǫ1 =
3 + α
cosh 2 [(3 + α)At]
; (18)
and
ǫ2n = −2 (3 + α) tanh [(3 + α)At] ; (19)
ǫ2n+1 =
2 (3 + α)
cosh 2 [(3 + α)At]
. (20)
From the slow-roll parameters, we see that
2 ǫ1 = ǫ2n+1 → 0 ; ǫ2n → −2 (3 + α) , (21)
for At≫ 1, which means that the even slow-roll param-
eters are not negligible for large values of time, unless
α = −3 (corresponding to the slow-roll regime). In the
next section, we are going to extend this approach to a
two field quintessence model.
III. THE TWO SCALAR FIELD APPROACH
A. Generalities
Let us firstly describe some generalities about the ex-
tension method which is going to be fundamental in the
3construction of the effective two-field model. A formal
introduction of this method can be found in [16]. Here
we start by establishing a connection between scalar field
φ(t) and scalar field χ(t), mediated by a general function
f , i.e.
φ = f(χ) ; χ = f−1(φ) , (22)
where f(χ) is invertible and called the “deformation func-
tion” [17]. Furthermore the field χ(t) is associated with
another one-field theory model. It is straightforward to
determine that
φ˙ = fχ χ˙ , (23)
yielding the first-order differential equations
φ˙ = −Wφ(φ) = −fχWχ(χ) ; χ˙ = −Wχ(χ) . (24)
These relations above can be rearranged in the following
form
φχ = fχ =
Wφ(χ)
Wχ(χ)
, (25)
which has essentially the same form of the first-order dif-
ferential equation related to the orbit of an effective two-
field model [15, 16].
By making Wφ(φ) = Wφ(χ) = Wφ(φ, χ), Wχ(χ) =
Wχ(φ) = Wχ(φ, χ) and g(φ) = g(χ) = g(φ, χ) and re-
specting the constraints a1+a2+a3 = 1, b1+ b2+ b3 = 1
and c1 + c2 + c3 = 0, the extension method consists in
applying the deformation function to rewrite Eq.(25) in
the following equivalent form, which is a first-order dif-
ferential equation related to the orbit between the fields
φ and χ:
φχ =
Wφ
Wχ
≡ a1Wφ(χ) + a2Wφ(φ, χ) + a3Wφ(φ) + c1 g(χ) + c2 g(φ, χ) + c3 g(φ)
b1Wχ(χ) + b2Wχ(φ, χ) + b3Wχ(φ)
. (26)
Besides, the functions Wφ and Wχ have the property
Wφχ = Wχφ . (27)
From (26) we can identify Wφ as
Wφ = a1Wφ(χ) + a2Wφ(φ, χ) (28)
+a3Wφ(φ) + c1 g(χ) + c2 g(φ, χ) + c3 g(φ) ,
and Wχ as
Wχ = b1Wχ(χ) + b2Wχ(φ, χ) + b3Wχ(φ) . (29)
Therefore, by applying (27) we find the second con-
straint relation
b2Wχφ(φ, χ) + b3Wχ φ(φ) = a1Wφχ(χ) (30)
+a2Wφχ(φ, χ) + c1 gχ(χ) + c2 gχ(φ, χ) ,
which we use to calculate the function g.
It is known that the Hubble parameter and the FE for
a two scalar field model are
H =
W (φ, χ)
2
; H2 =
1
3
[
φ˙ 2
2
+
χ˙ 2
2
+ V (φ, χ)
]
,
(31)
and we also have the following relations for the density
and pressure of the Universe:
ρ =
φ˙2
2
+
χ˙2
2
+ V (φ, χ) ; p =
φ˙2
2
+
χ˙2
2
− V (φ, χ) . (32)
Those can be used to compute the so-called equation of
state (EoS) parameter, which is defined as
ω =
p
ρ
=
φ˙2 + χ˙2 − 2V
φ˙2 + χ˙2 + 2V
. (33)
Moreover, the scale factor and the slow-roll parameters
still obey the relations presented in Eqs.(7) and (11).
In the next subsection, the extension method is ap-
plied for the fast-roll regime. Such a procedure yields
the achievement of some cosmological parameter solu-
tions, which makes possible to check if the model indeed
describes the inflationary era.
B. The Extension Method for Fast-Roll Regime
Once our idea is to construct a two-field model in the
fast-roll regime, we are going to deal with a simple de-
formation function given by
φ(t) = χ(t) =
1√
3 + α
log
[
coth
(
3 + α
2
At
)]
. (34)
As we have seen in the previous section, these fields are
related to
Wφ(χ) = Wχ(χ) = A
√
3 + α sinh
(√
3 + αχ
)
. (35)
Now, we can use the deformation function to express such
an equation as
4Wφ(φ) = A
√
3 + α sinh
(√
3 + αφ
)
; Wφ(φ, χ) = 2A
√
3 + α sinh
(√
3 + α
2
χ
)
cosh
(√
3 + α
2
φ
)
, (36)
Wχ(φ) = A
√
3 + α sinh
(√
3 + αφ
)
; Wχ(φ, χ) = 2A
√
3 + α sinh
(√
3 + α
2
χ
)
cosh
(√
3 + α
2
φ
)
. (37)
If we choose c1 = 0, Eq.(30) implies in the constraint
c2 gχ(φ, χ) = b2A (3 + α) sinh
(√
3 + α
2
χ
)
sinh
(√
3 + α
2
φ
)
(38)
− a2A (3 + α) cosh
(√
3 + α
2
χ
)
cosh
(√
3 + α
2
φ
)
+ b3A (3 + α) cosh
(√
3 + αφ
)− a1A (3 + α) cosh (√3 + αχ) ,
therefore, by integrating it with respect to the field χ we obtain
c2 g(φ, χ) = 2 b2A
√
3 + α cosh
(√
3 + α
2
χ
)
sinh
(√
3 + α
2
φ
)
(39)
− 2 a2A
√
3 + α sinh
(√
3 + α
2
χ
)
cosh
(√
3 + α
2
φ
)
+ b3A (3 + α) cosh
(√
3 + αφ
)
χ− a1A
√
3 + α sinh
(√
3 + αχ
)
,
and the deformation function presented in (34) allows us to rewrite the previous equation as
c2 g(φ) = (b2 − a1 − a2)A
√
3 + α sinh
(√
3 + αφ
)
+ b3A (3 + α) cosh
(√
3 + αφ
)
φ . (40)
Thus the effective Wφ and Wχ are such that
Wφ = A
√
3 + α sinh
(√
3 + αφ
)
+ b2A
√
3 + α
[
2 cosh
(√
3 + α
2
χ
)
sinh
(√
3 + α
2
φ
)
(41)
− sinh (√3 + αφ) ]+ b3A (3 + α) [cosh (√3 + αφ) χ− cosh (√3 + αφ) φ] ;
Wχ = b1A
√
3 + α sinh
(√
3 + αχ
)
(42)
+2 b2A
√
3 + α sinh
(√
3 + α
2
χ
)
cosh
(√
3 + α
2
φ
)
+ b3A
√
3 + α sinh
(√
3 + αφ
)
.
By integrating (41) and (42) with respect to φ and χ respectively, we obtain the Hubble parameter
H(t) =
A
2
{
4 b2 cosh
2
[
log
[
coth
(
3 + α
2
At
)] 1
2
]
− (b2 − 1)
[
coth
(
3 + α
2
At
)
+ tanh
(
3 + α
2
At
)]}
, (43)
Equation (43) makes one able to write the scale factor a(t) and the EoS parameter ω. Those are respectively given
by
a(t) =
[
cosh
(
3 + α
2
At
)] 1−b2
3+α
[
1− coth
(
3 + α
2
At
)]− 2 b2
3+α
[
coth
(
3 + α
2
At
)] b2
3+α
[
sinh
(
3 + α
2
At
)] 1−b2
3+α
,
(44)
ω =
2(α+ 3)
3 [b2 sinh ((α+ 3)At) + cosh ((α+ 3)At)]
2
− 1 . (45)
5We can observe that the interactions between the fields φ and χ lead us to the following relations for the first two
slow-roll parameters:
ǫ1 =
3 + α
cosh ((3 + α)At) + b2 sinh
2 ((3 + α)At)
; ǫ2 =
(3 + α) [1− cosh (2 (3 + α)At) − b2 sinh (2 (3 + α)At)]
cosh ((3 + α)At) + b2 sinh
2 ((3 + α)At)
.
(46)
Therefore, it is not possible to obtain general forms for
ǫ2n and for ǫ2n+1 when working with general values of b2.
Consequently we need to study the behavior of different
slow-roll parameters case by case.
Below we present the behavior of the quantities ob-
tained from the model. Fig.1 characterizes the form of
the potential V (φ, χ). Figs.2-4 show the evolution of the
cosmological parameters H, a and ω through time and
Figs.5-8 present the evolution of the ǫ1, ǫ2, ǫ3 and ǫ4
slow-roll parameters.
For Figs.2-8, the upper panel shows the quantity evo-
lution by assuming A = 1, b2 = 2, α = 0 for the blue
(dot-dashed) curve, α = −2 for the red (dashed) curve,
and α = 2 for the green (solid) curve. In the lower frames,
A = 1, α = −2, b2 = 200 for the blue (dot-dashed) curve,
b2 = 20 for the red (dashed) curve, b2 = 2 for the green
(solid) curve, and b2 = 0 for the black (solid) curve.
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FIG. 1: Plots of the potential V (φ,χ) where A = 1, b2 = 200,
α = −2, χ = 0 for the blue (dot-dashed) curve, χ = −1 for
the red (dashed) curve, and χ = 1 for the green (solid) curve.
We can note the deformation on V for different values of χ.
IV. THE COSMOLOGICAL
INTERPRETATIONS
With the purpose of evading the flatness problem, the
horizon problem and the absence of magnetic monopoles,
A. Guth has suggested a model of inflation [22], for which
the universe would have passed through a phase of accel-
erated expansion right after the Big-Bang, which lasted a
small period of time. According to standard cosmology,
during inflationary phase, the Hubble parameter remains
constant, i.e., the scale factor grows exponentially with
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FIG. 2: Evolution of the Hubble parameter.
time as a(t) ∝ eHιt, with Hι being the Hubble param-
eter value at inflation era. Note that, mathematically,
what would indeed make the Hubble factor a˙/a to be a
constant is an exponential behavior for the scale factor.
Let us see if these features are predicted by the solutions
presented above.
The lower panel in Fig.2 seems to be in agreement with
an exponential expansion universe. Firstly, note that it
presents only positive values for H , which is required in
an expanding universe. However what should be really
highlighted is the small interval of time which H takes
to assume constant values. Note that in all cases, the
values of H decrease after Big-Bang (t = 0) and quickly
enters a steady regime. On the other hand, the curves in
the upper panel present a less abrupt trend to constant
values of H .
By analysing the lower panel of Fig.3, it is quite clear
that blue and red curves indicate a universe which suf-
fers an abrupt expansion in a small period of time, in
total agreement with inflationary era. By making the
analogy with standard model of cosmology, in which one
assumes a(t) to grow exponentially with time, as men-
tioned above, the difference in the behavior of the red
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FIG. 3: Evolution of the scale factor.
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FIG. 4: Evolution of the equation of state parameter.
and blue curves when compared to the green and black
ones would lie in the values assumed for Hι.
Let us now check the lower panel in Fig.4. It is well
known that the essential feature of an inflationary uni-
verse is the acceleration of its expansion, i.e., a¨ > 0.
0 0.2 0.4 0.6 0.8 1
0
1
2
3
4
t
Ε 1
0 1 2 3
0
0.5
1
t
Ε 1
0 1 2 3
-0.001
0
0.001
FIG. 5: Evolution of the slow-roll parameter ǫ1(t).
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FIG. 6: Evolution of the slow-roll parameter ǫ2(t).
From standard FEs, a positive a¨ implies −1 ≤ ω ≤ −1/3,
which is precisely the range of values assumed by our so-
lution. Once again, the parameters derived in our model
describe successfully the period of inflation. Note that a
similar behavior for ω was obtained in [23].
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FIG. 7: Evolution of the slow-roll parameter ǫ3(t).
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FIG. 8: Evolution of the slow-roll parameter ǫ4(t).
Moreover it should be stressed that the values of ω in
all curves tend to −1 as time passes by. In fact, that is
the value of the present ω according to CMB anisotropy
observations [10]. The present phase of acceleration our
universe is passing through, in principle, is not dissimilar
to the primordial one. Therefore the agreement between
the early and late-time values of ω is somehow expected.
The lower panels illustrated in Figs.2-8 show that we
can have different cosmological scenarios for a unique
value of α. Such a behavior generalizes the models ob-
tained in [18], where the authors presented different fast-
roll models only if one is dealing with different values of
α.
We can also observe that the odd slow-roll parameters
are always negligible as time passes by. The even slow-roll
parameters can be of order unity for some set of choices
of the constants A, b2 and α. However, Fig.6 and Fig.8
unveil the dependence of the even slow-roll parameters
with the constant b2. It is clear that these last parameters
may be smaller as we take bigger values of b2, which is
the constant that is effectively coupling the fields φ and
χ in our model.
V. DISCUSSION
In this work, we have presented solutions to a two
scalar field model in fast-roll regime. In order to do so,
we have applied the method introduced in [21]. The re-
sults presented in Subsection III B are observationally ac-
ceptable in a universe undergoing a phase of accelerated
expansion.
Since our intention was to obtain a physically well-
behaved model, it is worth stress that the solutions (43)-
(45), related to the Hubble, acceleration and EoS pa-
rameters, successfully undergo a dimensional analysis, as
follows. Let us, firstly, analyse the Hubble parameter.
Since H ∝ τH , with τH being the Hubble time, H should
have its units given in s−1. From Eq.(43), note that such
a property may be satisfied if the constants b2 and α are
dimensionless and A has units given in s−1. If these fea-
tures are employed in (44)-(45), the scale factor and EoS
parameter happen to be dimensionless, as they, in fact,
should be.
As mentioned in Section IV, the Hubble parameter evo-
lution presented in the lower panel of Fig.2 is in agree-
ment with an inflationary universe.
Note that Eq.(44) presents a scale factor evolution
quite different from those obtained in the so-called
“power-law inflation” (check [24, 25]), for which a grows
like tp, with p > 1. Those scenarios arise, for example,
when one has a single scalar field with an exponential
potential. Anyhow, the scale factor evolution derived for
our model and presented in Fig.3, likewise describes an
inflationary scenario, specially through the lower panel
blue and red curves.
The EoS evolution in Fig.4 also successfully describes
the inflationary era. Specifically, its lower panel restricts
the values of ω to those for which it is possible to obtain
an accelerated expansion for the universe according to
standard FEs, i.e. −1 ≤ ω ≤ −1/3. Anyway, all curves
for ω have its values tending to −1 as time passes by,
which is indispensable in an inflationary universe.
8Moreover, this two-field description gives us some con-
trol concerning the slow-roll parameters as we see in
Figs.5-8. Therefore the fact that the even slow-roll pa-
rameters may be less than order unity for some set of
constants, together with the behavior of the another cos-
mological parameters, strengthens our hypothesis that
the two-field fast-roll model can describe an inflationary
era of the universe.
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